Latent variable models have been widely used for modeling the dependence structure of multiple outcomes data. As the formulation of a latent variable model is often unknown a priori, misspecification could distort the dependence structure and lead to unreliable model inference. More-over, the multiple outcomes are often of varying types (e.g., continuous and ordinal), which presents analytical challenges. In this article, we present a class of general latent variable models that can accommodate mixed types of outcomes, and further propose a novel selection approach that simultaneously selects latent variables and estimates model parameters. We show that the proposed estimators are consistent, asymptotically normal, and have the Oracle property. The practical utility of the methods is confirmed via simulations as well as an application to the analysis of a dataset collected in 
Introduction
Multiple outcomes that include both continuous and ordinal variables are often collected in applications where the responses of interest cannot be measured directly, or are difficult or expensive to measure. Latent variable models (LVMs) are commonly adopted, which state that different outcomes are conditionally independent measures of the latent variables, possibly capturing various aspects of them. Thus, unlike conventional random effects, which are mainly used to address the heterogeneity or dependence among observed outcomes, latent variables represent theoretical concepts or constructs that cannot be directly assessed by a single observed variable, but instead are measured through multiple observed variables. In practice, the formulation of an LVM (e.g., what and how many latent variables should be included) is often unknown a priori. Misspecification of the model would distort the dependence structure and lead to unreliable model inference (Leek and Storey, 2008) . In particular, overspecified LVMs may result in highly correlated latent variables of which the covariance matrix becomes singular or nearly singular, leading to both theoretical and computational difficulties. Hence, a fundamental problem in the analysis of LVMs is model selection, especially the selection of latent variables that are relevant to substantive study.
Whereas the existing work on LVMs mainly focuses on the estimation of model parameters, limited work has been devoted to the selection of latent variables, predominantly within the framework of factor analysis models-the most basic version of LVMs. For example, the Akaike information criterion (AIC; Akaike, 1987) , Bayesian information criterion (BIC; Schwarz, 1978) , and Bayesian approaches have been proposed to select the factors in factor analysis models; see Shigemasu (1989, 1997) , Lee and Song (2002) , Carvalho, et al. (2005) , and Bhattacharya and Dunson (2011) . However, these methods incur a heavy computational burden and quickly become infeasible when the number of possible factors becomes even moderately large. In addition, the large sample model selection results (e.g., model selection consistency and oracle property) are elusive, making it difficult to evaluate the statistical property of the procedure.
In this article, we propose a new penalized pseudo-likelihood method that selects latent variables and estimates regression parameters simultaneously for a general LVM. Since the factor analysis model is a special case of the general LVM, our method can be used to select the factors in factor analysis models. However, different from the existing works on the factor selection in factor analysis models, the computational burden of our method is free of the number of possible latent variables, hence allowing for a large number of latent variables. Furthermore, our estimator is shown to have desirable theoretical properties, including n 1/2 -consistency, asymptotic normality and the oracle property-that is, it works as well as if the latent variables were known.
Although related, our context is different from that of random effect selection in random effect models. Indeed, random effects are mainly introduced to describe the unobserved heterogeneity and are covariate-independent, whereas latent variables represent specific traits associated with covariates and hence are covariate-dependent. As a result, the methods for selecting random effects cannot be applied to the selection of latent factors; see Chen and Dunson (2003) , among others. However, as described in Section 3, the proposed method can also be used to select random effects.
Analysis of multiple outcomes is further complicated by the fact that the outcomes can typically be of mixed types (i.e., binary, continuous or ordinal), which presents statistical challenges, as a natural multivariate distribution for mixed data does not exist. Yang et al. (2007) and Wagner and Tüchler (2010) considered joint models for Poisson and continuous data. Muthén (1984) proposed to define ordinal variables using some unknown threshold parameters applied to underlying normal continuous variables. However, the literature on underlying normal model has focused primarily on joint models for low-dimensional ordinal outcomes and continuous outcomes (Catalano and Ryan, 1992 Gueorguieva and Agresti, 2001 ). This paper proposes a two-step approach for jointly modeling continuous, binary and ordinal outcomes data under the underlying normal framework. Our estimation and selection procedure utilizes a closed-form penalized maximum likelihood estimator, which greatly facilitates computation.
The remainder of the paper is organized as follows. We introduce the proposed general LVM in Section 2. We propose a new penalized pseudo-likelihood method that allows us to select latent variables and estimate regression and threshold parameters simultaneously in Section 3. To implement the proposal, we provide a series of estimating equation-based approaches to draw inference and further propose a BIC-type procedure to select tuning parameters. In Section 4, we demonstrate our estimators' theoretical properties, including n 1/2 -consistency, asymptotic normality and the oracle property. We report in Section 5 simulation results and an analysis of the World Values Survey (WVS), a global research project that explores what social and personal characteristics might influence people's values and beliefs. We provide concluding remarks in Section 6. We defer all proofs to the Appendix.
General Latent Variable Model
Suppose there are n randomly selected subjects, each with p distinct outcomes. Specifically, for the ith subject, we observe vectors of covariates X i and Z i , and a vector of outcomes
Without loss of generality, we assume that the first p 1 elements of Y i are continuous and that the remaining p 2 = p − p 1 elements are ordinal, which are linked to some underlying continuous variables as in Muthén (1984) . That is, 
In summary, g j (·) is the identity link for continuous outcomes, and is otherwise a threshold link mapping from R → {1, · · · , d j } for the jth outcome. Let ξ i = (ξ i1 , · · · , ξ iq ) , a q-dimensional random vector of latent variables that represents an individual's specific traits, q ≤ p. We then relate the underlying continuous variables
where
. Model (2.1) assumes that multiple outcomes are independent given latent variables, implying that the correlation among Y ij , j = 1, · · · , p is due entirely to the shared latent variables in ξ i , explaining all the dependence among responses.
We stress that, unlike random effects, the latent variables ξ i are introduced to reflect an individual's unobservable traits, such as 'life satisfaction' and 'job attitude,' which, as in Roy and Lin (2000) and Skrondal and Rabe-Hesketh (2007) , are linked to observed covariates via
where e i = (e i1 , · · · , e iq ) ∼ N (0, Σ e ) is a vector of random errors independent of Z i , and
is a matrix of unknown regression coefficients with vector γ j = (γ j1 , · · · , γ jm ) and is used to describe effects of observed predictors on latent variables and then on outcomes. We term model (2.2), coupled with (2.1), a general LVM as it extends the common LVM by accommodating both continuous and ordinal outcomes. The covariates in X i and Z i play different roles in the proposed model; Z i records the covariates of interest and is used to characterize the latent variables, whereas X i exclusive of Z i is used to adjust subjects' characteristics that may affect the outcomes. In (2.2), the latent variable ξ ij = γ j Z i + e ij is an observed covariate for σ ej = 0 if only one γ jk = 0 among {γ jk , k = 1, · · · , m} and a linear combination of observed covariates otherwise; ξ ij is zero if σ ej = 0 and γ j = 0; ξ ij is a random intercept if σ ej = 0 and γ j = 0; ξ ij is indeed a latent variable if σ ej = 0 and γ j = 0, particularly, when σ ej = 0, γ jk = 0 (k ∈ A) and γ jk = 0 (k A), ξ ij is a latent variable characterized by the predictors {Z ik , k ∈ A}. However, the latent variables or the random effects to be included in models (2.1) and (2.2) are often unknown a priori, which presents a dilemma: too few latent variables would lead to a large modeling bias, whereas too many would result in overfitting. This inevitably leads to a task of selecting important latent variables. On the other hand, as model (2.2) stipulates, certain predictors influence the responses only through intermediate latent variables, meaning that latent variables are characterized by subsets of predictors Z i . In practice, identification of such subsets of latent variables is important in that it facilitates interpretation. Therefore, it is essential to develop a procedure that automatically selects latent variables and the corresponding underlying subsets of predictors.
To proceed, we first discuss the identifiability issue of models (2.1) and (2.2), which can be rewritten as Although related, the proposed model (2.3) with regressors (X; Z) and particular covariance error structure differs from an ordinary mixed effect model. The random effects in the latter just address the heterogeneity or dependence of the data but have no specific meanings, whereas the latent variables in model (2.3) represent certain unobservable traits that are characterized by some covariates. Thus, model (2.3) not only addresses the heterogeneity, but also provides insights into the causes and impacts of such heterogeniety, consequently increasing its capability in terms of interpretation.
Selection and Estimation

Penalized Likelihood Function
, where U i1 corresponds to the first p 1 continuous componentswhich are completely observed-and U i2 is a collection of U ij corresponding to the
, where {c jk } are threshold parameters and need to be estimated. Let
where Θ = {α, β, Σ ε , Σ e , γ} includes all unknown structural parameters. We assume {c jk } to be known for now, and we estimate them in Section 3.3.
As explained in Section 2, ξ ij may be a latent variable, random effect, manifest variable (that is, observable variable) or zero, depending on whether σ ej and γ j are zero or not. If ξ ij is indeed a latent variable, it is of interest to know the corresponding subset of the predictors. The selection of the subset corresponds to some elements of {γ jk , k = 1, . . . , m, j = 1, . . . , q} being zero, which leads to the following likelihood with penalties on (
Here, p λ (·) is a penalty function, the common choices of which include L q penalty,
, yielding a well-known ridge regression with q = 2. The smoothly clipped absolute deviation (SCAD) penalty function (Fan and Li, 2001 ) takes the forṁ
withṗ λ (0) = 0, whereḟ (t) = df (t)/dt for any smooth function f . The tuning parameter a is often taken to be 3.7 as suggested by Fan and Li (2001) . As the SCAD penalty has been shown to render oracle properties in many penalized likelihood settings (Fan, Lin and Zhou, 2006), we adopt it in our ensuing development. However, our method does accommodate more general penalty functions.
Indeed, by maximizing the penalized likelihood Q(Θ), we can show that there is a positive probability of some estimated values of σ ej and γ jk equaling zero and thus of automatically selecting latent variables and corresponding predictors. Thus, the procedure combines the selection of latent variables and corresponding subsets of predictors, with the estimation of parameters into one step, reducing the computational burden substantially.
Penalized Expectation Maximization Algorithm
With the likelihood function L n (Θ) involving a p − p 1 dimensional intractable integral, a direct application of the maximum likelihood (ML) estimation procedure is nearly impossible. We propose below a penalized Expectation Maximization (EM) algorithm. Given the complexity of the proposed algorithm, we describe the basic steps and computation of the conditional means required for the maximization in two subsections.
The basic steps of the penalized EM-algorithm
The random variable e ij ∼ N (0, σ 2 ej ) if σ ej = 0, and e ij ≡ 0, otherwise. Hence, e i is a mixture of zero and normal components. For ease of presentation, we rewrite
3) can be rewritten as
To set up a penalized EM algorithm, consider the random variables U i2 and w i to be the missing data. The complete data for individual i is
In the maximization step, we maximize the conditional expectation of Q c (Θ) given the observed data. The maximization step depends on the conditional expectation of some function of U i2 and w i , which is evaluated in the expectation step. The two steps are iterated until convergence.
Implementation of the penalized EM-algorithm
e w i . For any given threshold parameter c jk , we estimate Θ by maximizing
n} with respect to Θ and setting the derivatives to zero leads to the following estimation equations
We estimate γ and Σ e by rewriting the equations (3.10) and (3.11) as
and
Then, we estimate Θ by repeatedly using equations (3.7), (3.8), (3.9), (3.12) and (3.13) until Θ converges. For each step, Θ in the left side of the equations is replaced by the value from the last step.
To obtain the estimate of Θ using the above equations, we need to compute the conditional mean and conditional variance matrices of (U i2 , 
where both the numerator and denominator can be approximated with Monte Carlo simulations.
Estimation of the Threshold Parameters
We are now in a position to estimate {c jk } with an iterative series of estimating equations proposed below. The parameters Θ are then updated by maximizing the pseudo-likelihood E{Q c |Y i , X i , Z i , i = 1, · · · , n} with {c jk } replaced by their estimated values. The procedure is repeated until convergence.
where Φ(·) is the cumulative distribution function of the standard normal random variable. With c j0 = −∞, we estimate c j1 , · · · , c j,d j −1 , one-by-one, using
14)
Selection of Tuning Parameters
We select the tuning parameters ρ 1n and ρ 2n using a BIC-based procedure. As shown by Wang, et. al. (2007) , such a procedure typically yields model selection consistency for linear regression models. Specifically, we choose ρ 1n and ρ 2n separately as they control the complexity of two separate components of models. First, noting ρ 2n controls the number of non-zero elements in γ, we rewrite model (2.3) as
The parameters γ are regression coefficients. We then select the optimal ρ 2n by maximizing We now estimate ρ 1n , which controls the dimension of the random effect e i , that is, the number of non-zero elements in Σ e = diag(σ
is the regression effect of w i . To select Σ e , we hence regard the random variable w i and the covariates X i and Z i as input variables in model (2.3) and only ε i as random noise. We then select the optimal ρ 1n by maximizing Here, we replace the complete data likelihood with the conditional expectation of the complete data likelihood, because the complete data likelihood depends on the missing data w i and is useless in the estimation of ρ 1n . On the other hand, the conditional expectation of the complete data likelihood is a reasonable estimator for the complete data likelihood. We test the performance of our tuning procedure via simulation studies in Section 5. In simulation study and the real data analysis, the selections of both ρ 1n and ρ 2n are performed on grids of the tuning parameters.
Large Sample Properties
We now establish the consistency and asymptotic normality of the proposed estimator. For ease of presentation, we rewrite Θ = (Θ 1 , σ e , γ ) as the vectorial form of the collection of all unknown parameters. Here Θ 1 = ( α , β , σ ε ) . Throughout, we use the subscript "0" to represent the true value. Without loss of generality, let σ e0 = (σ e(1)0 , σ e(2)0 ) , γ 0 = (γ (1)0 , γ (2)0 ) and σ e(2)0 = 0 and γ (2)0 = 0. Define σ e = (σ e(1) , (σ e(2) ) , γ = (γ (1) , γ (2) ) to have the corresponding decompositions.
Considering a more generalized non-concave penalty function, we set a n1 = max j {ṗ ρ 1n (σ ej0 ) : σ ej0 = 0}, a n2 = max j,k {ṗ ρ 2n (|γ jk0 |) : |γ jk0 | = 0}, and a n = max {a n1 , a n2 } . Leẗ
The following theorems summarize the large sample properties of the proposed estimator; their proofs are deferred to the supplementary material, and the related regularity conditions are given in the Appendix 7.2.
Theorem 1 Under conditions 1−3 stated in the Appendix 7.2, if max
Clearly, using the SCAD penalty defined in (3.3) with λ → 0 and β > 0, we havė p λ (β) = λ = 0. Hence, with λ = ρ 1n → 0 and λ = ρ 2n → 0, we obtain a n1 = 0 and a n2 = 0, respectively. Therefore, there exists a root-n consistent penalized estimator for the parameters Θ and the threshold parameters c. Next, we show that the penalized estimator demonstrates the oracle property. 
Under conditions 1−3 in the Appendix 7.2, if as
ρ 2n → 0 and √ nρ 2n → ∞, the root-n consistent local maximizers σ e = ( σ e (1) , σ e(2) ) and γ = ( γ (1) , γ (2) ) in Theorem 1 must satisfy the following properties:
(a) Sparsity: σ e(2) = 0 and γ (2) = 0.
(b) Asymptotic normality:
where 
Theorem 3 When n → ∞, if all conditions of Theorem 2 are satisfied, we have
, where Λ 1 , C 11 , C 12 and A 1 are defined in the Appendix 7.1.
Theorem 4 When n → ∞, if satisfying all the conditions of Theorem 2, we have
where C 4j1 (k), C 4j2 (k), and A 4j (k) are defined in the Appendix 7.1.
For the SCAD penalty function, if ρ 1n → 0 and ρ 2n → 0, then a n1 = a n2 = 0, b 1 = 0, b 2 = 0, U 1 = 0 and U 2 = 0. Theorems 2-4 imply that the SCAD-based penalized likelihood estimators for σ e , γ, Θ 1 and c jk have the oracle property-that is, when the true parameters contain zero components, they are estimated as 0, with the probability approaching 1, and the nonzero components are estimated as well as in the case where zero components are known.
In practice, to approximate the distribution and construct the confidence interval for Θ (1) = ( Θ 1 , σ e(1) , γ (1) ) , the estimators of non-zero parameters, we need to estimate the variances of Θ (1) . However, the complex form of the limiting covariance matrix of Θ (1) in Theorems 2 and 3 prohibits direct use. Instead, we propose using the resampling method of Jin, Ying and Wei (2001) to estimate the variance. First, we generate n exponential random variables V i , i = 1, · · · , n with mean 1 and variance 1. Then, we solve the following V i -weighted estimation equations and denote the solutions as Θ * (1) and c * : (Θ 1 , σ e(1) , γ (1) ) .
By repeatedly generating V 1 , · · · , V n , we obtain a large number of realizations of Θ * (1) . The variance estimate of Θ (1) can be approximated by the empirical variance of Θ * (1) .
Simulation Study
We have conducted extensive simulations to investigate the effect of misspecifying latent variables on the mean and the variance structure. Specifically, we consider the model with two latent variables, denoted as LV2. In practice, the model selection procedure might reduce a latent variable to a manifest variable or a random effect. We hence misspecify the latent variables in the following manner: (1) the variance of one latent variable is misspecified to 0-that is, one of latent variables is misspecified as a manifest variable, denoted by LV1MV1. (2) The regression coefficients of one latent variable is misspecified to 0-that is, one of the latent variables is misspecified as random effect, denoted by LV1RV1.
We simulated 1000 datasets, each with n = 200 observations. For each subject, the latent variable is generated by the model ξ ij = Z i γ j + e ij , j = 1, 2, where 5, 2) , X ij = (1, X ij2 ) , and X ij2 is independently generated from a standard normal variable. Note that ε i = (ε i1 , ε i2 , ε i3 , ε i4 ) are normal random vectors with mean zero and covariance 1, 1, 1 and LV1RV1 models and estimate the related unknown parameters using the ML method. The bias and empirical SDs of the estimators are reported in Table 1 , where #CF is the number of convergence failures out of the 1000 simulation runs.
Using the data presented in Table 1 , we make the following conclusions.
(1) the estimate of the fixed effect in measurement models are reported in the first part of Table 1 . All estimators are unbiased, and LV2 has the smallest variance. The first part of Table 1 shows that misspecification of latent variables will lead to a slight loss of efficiency for β. Misspecification of latent variables has relatively minor effect for the parameters in the mean part. (2) The second part of Table 1 displays estimators of α and γ. A useful rule to keep in mind when checking bias, as suggested by Olsen & Schafer (2001) , is that biases do not have a substantial negative impact on inference unless standardized bias (bias over SD) exceeds 0.4. By this rule, LV2 is unbiased, and LV1MV1 and LV1RV1 are seriously biased. Table 2 in the supplementary material shows that misspecification of latent variables leads to biased estimators of α and γ, the regression coefficients of the latent variable. (3) The third part of Table 1 shows the estimators of variances in the measurement and latent variable models. As shown, LV2 is unbiased and has the smallest variance; LV1RV1 and LV1MV1 are biased for the variance parameters in both the measurement and latent variable models.
In summary, misspecification of latent variables hardly affects the estimators of the parameters in the mean structure, but may lead to biased estimators of the components of the covariance structure, including α, γ and the variances of the error and the latent variables. As reported in the supplementary material, we have further conducted simulation studies (marked by Simulation 2) to assess the finite-sample performance of the proposed method in terms of bias and empirical standard deviation (SD). We also examine the performance of models (3.16) and (3.17) in selecting ρ 1n and ρ 2n . We have also conducted simulations (marked by Simulation 3) to check the performance of the proposed procedure when the signal is not sufficient, and to investigate the va-lidity of treating an ordinal response as a continuous variable, which is the approach taken when we apply the analysis to real data. All the results point to the good performance of the proposed method and hint the appropriateness of dada analysis reported in the next section. 
where 90,001− 120,000; and 10: >120,000); and Z 6 = freedom of decision-making on the job (1, none at all; 10, a great deal). To unify scales of covariates, we standardize the elements in Z before analysis. For identifiability, the matrix α is assumed to be a lower triangular matrix, with 1's as diagonal entries, b 9 = 0 and σ ε,9 = 1. The tuning parameter ρ 1n = 0.2 and ρ 2n = 0.1 are chosen by maximizing equations (3.16) and (3.17) . We also consider the method without the selection of the latent variables and the predictor variables (Non-p); Tables 4−6 display point estimates and the estimated SDs (in parenthesis). We used 1000 Monte Carlo replications to approximate conditional means. We calculated the SDs via the resampling method described in Section 4, with 1000 replications. We decided on a sample size of 1000 by monitoring the stability of the SDs; we found that when the bootstrap sample size was between 500 and 1000, the resulting SDs stabilized and the difference was only marginal. For the proposed method, the algorithm failed to converge in 76 of the 1000 replications; the results from the proposed method are based on 924 replications. The Non-p method had difficulty fitting the data properly, resulting in about 665 of 1000 runs failing to converge; the results from the Non-p method are based on 335 replications. Hence, the SDs of the Non-p estimator appear to be underestimated by those displayed in Tables 4−6 . The results from the proposed method reveal that γ j , j = 1, 3, 4, 6, 7, 8, 9, σ e4 , and σ e9 are estimated as zero. As discussed in Section 2, {σ e4 = 0, γ 4 = 0} and {σ e9 = 0, γ 9 = 0} imply that ξ 4 and ξ 9 are zero and can be ignored completely; {σ ej = 0, γ j = 0, j = 1, 3, 6, 7, 8} imply that ξ j , j = 1, 3, 6, 7, 8 are simply random effects; {σ e2 = 0, γ 2 = 0} and {σ e5 = 0, γ 5 = 0} imply that ξ 2 and ξ 5 are indeed latent variables. Moreover, nonzero γ 25 and γ 56 indicate that the latent constructs that elicit heterogeneity actually originate from income and job freedom. Based on model (3.4), the following findings are obtained. First, the dependence between outcomes is explained jointly by random effect ασ Unlike ordinary multiple regression models, which account for the effects of covariates on outcomes separately, the general LVM proposed in this study groups multiple outcomes into two latent constructs, which reduces the model dimension, simultaneously accommodates dependence between outcomes and heterogeneity between subjects, as well as provides simpler interpretation of the associations among multidimensional outcomes. 
Discussion
We have proposed a penalized ML estimator to develop a general framework of latent variable selection. The proposed method is able to select latent variables and estimate parameters simultaneously. Under mild conditions, the estimator is n 1/2 -consistent and asymptotically normal. Given an appropriate choice of regularization parameters, the proposed estimator demonstrates the oracle property. A BIC-type tuning parameter selection method is suggested to select the regular parameters.
We have focused on mixed outcomes with ordinal and continuous variables under the linear regression framework. As the assumption of normality may not always be practical, our future work is to extend our methods to other regression frameworks (e.g., generalized linear regression) for non-normal responses. Moreover, we have focused on selecting important latent variables, but one can easily extend the proposed method to simultaneously select manifest variables and latent variables.
where d kj (y) is the derivative of c j (Θ; y) with respect to Θ k at Θ = Θ 0 , c j (Θ; y) is the estimator of c j (y) given Θ, ν j = α j Σ e α j + 1, and W ij (Θ) = X i β j + α j γZ i .
Similar to σ e = (σ e (1) , σ e(2) ) or γ = ( γ (1) , γ (2) ) , let Θ 2 = (Θ 2(1) , Θ 2(2) ) , Θ 3 = (Θ 3(1) , Θ 3(2) ) , d 2j (y) = (d 2j(1) (y) , d 2j(2) (y) ) and d 3j (y) = (d 3j(1) (y) , d 3j(2) (y) A k , k = 1, 2, 3 and A 4j (y) are defined as:
A 4j (y) = E , (7.2) 
